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Recap: Skip-Gram

the dog bit the man‣ Predict one word of context from word

bit

softmaxMultiply	
by W

gold = dog

‣ Parameters: d x |V| vectors, |V| x d output parameters (W) (also 
usable as vectors!)

‣ Predicting the next word from a word will be similar to language 
modeling (focus of this lecture!)

P (w0|w) = softmax(We(w))

Mikolov et al. (2013)



Recap: GloVe
X

i,j

f(count(wi, cj))
�
w>

i cj + ai + bj � log count(wi, cj))
�2‣ Objective = 

the
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(made up values — matrix will generally be	
symmetric, though)

Linear regression with 12 pairs:	
each element is plugged into the above	
equation

+ constant = log count of pair

Pennington et al. (2014)



Recap: Using Embeddings
‣ Approach 1: learn embeddings as parameters from your data

‣ Approach 2: initialize using GloVe, keep fixed
‣ Approach 3: initialize using GloVe, fine-tune

‣ Many models we will see uses Approach 3 (e.g., fine-tuning BERT). And 
you don’t just fine-tune embeddings, but instead use an entire language 
model



Today
‣ Language modeling review

‣ Neural language modeling review

‣ Self-attention

‣ Multi-head self-attention

‣ Positional encodings (if time)



Language Modeling



Recap: Language Modeling

‣ Language models: place a distribution P(w) over strings w in a language. 
This is related to all of these tasks but doesn’t exactly map onto them

‣ Today: autoregressive models P (w) = P (w1)P (w2|w1)P (w3|w1, w2) . . .
<latexit sha1_base64="5t3XfUKt6X50B4ft08GzEXR9MnE="></latexit>

‣ Turns out this is also useful as a pre-training task like skip-gram!

‣ Fundamental task in both linguistics and NLP: can we determine of a 
sentence is acceptable or not?

‣ Related problem: can we evaluate if a sentence is grammatical? 
Plausible? Likely to be uttered?



Recap: N-gram LMs

‣ n-gram models: distribution of next word is a categorical conditioned on 
previous n-1 words

I visited San _____ put a distribution over the next word	
2-gram: P(w | San)	
3-gram: P(w | visited San)	
4-gram: P(w | I visited San)

P (w) = P (w1)P (w2|w1)P (w3|w1, w2) . . .
<latexit sha1_base64="5t3XfUKt6X50B4ft08GzEXR9MnE="></latexit>

P (wi|w1, . . . , wi�1) = P (wi|wi�n+1, . . . , wi�1)
<latexit sha1_base64="51rE81WXGzM2/wAnhkW3v0LmNjI="></latexit>

‣ Markov property: don’t remember all the context but only 
consider a few previous words



Neural Language Modeling



Neural Language Models

Bengio et al. (2000, 2003)

‣ Early work: feedforward neural networks looking at context

I visited New _____

FFNN

P (wi|wi�n, . . . , wi�1)

‣ Slow to train over lots of data! But otherwise this seems okay?



Problems with FFNNs

‣ What do we learn from this example?

x = I visited New York. I had a really fun time going up the ___

‣ What are some words that can show up here? How do we know?

‣ What was a challenge with the neural LM approach we’ve seen so far?



Contextualized Embeddings

x = (x1, x2, …, xn)

e = (e1, e2, …, en) ei = f(x1, x2, …, xi)

x = I visited New York. I had a really fun time going up the ___

‣ Both RNNs and Transformers (and other models) can produce 
contextualized embeddings

‣ Can also have bidirectional embedding representations, but learning 
these needs masked language models (later in the course)

‣ unidirectional 
representation (only 
looks at past words)

‣ One solution: e(x) = f(x-1, the)



RNNs (briefly)

14

‣ Apply same weights repeatedly	

‣ Weight to map inputs to hidden states

‣ Weight to bring forward hidden state	

Elman, 1990
Bengio et al.,1994
Hochreiter and Schmidhuber, 1997 I  

<latexit sha1_base64="XT7yS7p8gPgdA/7wALl/TxsUhYk=">AAACKXicbVA9SwNBEN3z2/gVtbRZDII24U5ELUUbSxVjArkY9jYTs2Rv99idE8Nxv8EfYm2rv8FOba38F+7FFBp9MPB4b4aZeVEihUXff/MmJqemZ2bn5ksLi0vLK+XVtSurU8OhxrXUphExC1IoqKFACY3EAIsjCfWof1L49VswVmh1iYMEWjG7UaIrOEMntcs79XYWItxhJlSe01AoGsYMe1GUXeTXGdAQRQyWdvJ2ueJX/SHoXxKMSIWMcNYuf4YdzdMYFHLJrG0GfoKtjBkUXEJeClMLCeN9dgNNRxVze1rZ8KWcbjmlQ7vauFJIh+rPiYzF1g7iyHUW59pxrxD/9QoFtZZ27ADsHrZcBkmKoPj3/m4qKWpaxEY7wgBHOXCEcSPcC5T3mGEcXbgll00wnsRfcrVbDfar++d7laPjUUpzZINskm0SkANyRE7JGakRTu7JI3kiz96D9+K9eu/frRPeaGad/IL38QXu4qgu</latexit>

Win 2 Re⇥d

visited 

<latexit sha1_base64="XT7yS7p8gPgdA/7wALl/TxsUhYk=">AAACKXicbVA9SwNBEN3z2/gVtbRZDII24U5ELUUbSxVjArkY9jYTs2Rv99idE8Nxv8EfYm2rv8FOba38F+7FFBp9MPB4b4aZeVEihUXff/MmJqemZ2bn5ksLi0vLK+XVtSurU8OhxrXUphExC1IoqKFACY3EAIsjCfWof1L49VswVmh1iYMEWjG7UaIrOEMntcs79XYWItxhJlSe01AoGsYMe1GUXeTXGdAQRQyWdvJ2ueJX/SHoXxKMSIWMcNYuf4YdzdMYFHLJrG0GfoKtjBkUXEJeClMLCeN9dgNNRxVze1rZ8KWcbjmlQ7vauFJIh+rPiYzF1g7iyHUW59pxrxD/9QoFtZZ27ADsHrZcBkmKoPj3/m4qKWpaxEY7wgBHOXCEcSPcC5T3mGEcXbgll00wnsRfcrVbDfar++d7laPjUUpzZINskm0SkANyRE7JGakRTu7JI3kiz96D9+K9eu/frRPeaGad/IL38QXu4qgu</latexit>

Win 2 Re⇥d

San 
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Win 2 Re⇥d

<latexit sha1_base64="3U8E0XxRZmUlu5sFiXE4FmcfC2U=">AAACK3icbVDLSsQwFE19juOr6tJNcBAEYWhF1KXoxuUojiPYWtI0MwbTpCS34lD6EX6Ia7f6Da4Uty78C9NxFjrjgYTDOfdy7z1xJrgBz3tzJianpmdma3P1+YXFpWV3ZfXCqFxT1qZKKH0ZE8MEl6wNHAS7zDQjaSxYJ749rvzOHdOGK3kO/YyFKelJ3uWUgJUid7sTFQGweyik/coSB1ziICVwE8fFWXldJDgAnjKDkzJyG17TGwCPE39IGmiIVuR+BYmiecokUEGMufK9DMKCaOBUsLIe5IZlhN6SHruyVBI7JywGR5V40yoJ7iptnwQ8UH93FCQ1pp/GtrJa14x6lfivVymglDAjC0D3ICy4zHJgkv7M7+YCg8JVcDjhmlEQfUsI1dyegOkN0YSCjbdus/FHkxgnFztNf6+5d7rbODwaplRD62gDbSEf7aNDdIJaqI0oekBP6Bm9OI/Oq/PufPyUTjjDnjX0B87nN9GWqSk=</latexit>

Wnext 2 Rd⇥d
<latexit sha1_base64="3U8E0XxRZmUlu5sFiXE4FmcfC2U=">AAACK3icbVDLSsQwFE19juOr6tJNcBAEYWhF1KXoxuUojiPYWtI0MwbTpCS34lD6EX6Ia7f6Da4Uty78C9NxFjrjgYTDOfdy7z1xJrgBz3tzJianpmdma3P1+YXFpWV3ZfXCqFxT1qZKKH0ZE8MEl6wNHAS7zDQjaSxYJ749rvzOHdOGK3kO/YyFKelJ3uWUgJUid7sTFQGweyik/coSB1ziICVwE8fFWXldJDgAnjKDkzJyG17TGwCPE39IGmiIVuR+BYmiecokUEGMufK9DMKCaOBUsLIe5IZlhN6SHruyVBI7JywGR5V40yoJ7iptnwQ8UH93FCQ1pp/GtrJa14x6lfivVymglDAjC0D3ICy4zHJgkv7M7+YCg8JVcDjhmlEQfUsI1dyegOkN0YSCjbdus/FHkxgnFztNf6+5d7rbODwaplRD62gDbSEf7aNDdIJaqI0oekBP6Bm9OI/Oq/PufPyUTjjDnjX0B87nN9GWqSk=</latexit>

Wnext 2 Rd⇥d

<latexit sha1_base64="BvWRI34upSLG/XEw8Ux05IqIlXc=">AAACKnicbVBNS8NAEN3Ur1q/oh69LBZBPJREpHoUvXisYq1gYthst7p0sxt2J2IJ+Q/+EM9e9Td4K169+C/ctD1o9cHA470ZZubFqeAGPG/oVGZm5+YXqou1peWV1TV3fePKqExT1qZKKH0dE8MEl6wNHAS7TjUjSSxYJ+6fln7ngWnDlbyEQcrChNxJ3uOUgJUid68T5QGwR8hVBkWBAy5xkBC4j+P8orjNuzgAnjCDH4rIrXsNbwT8l/gTUkcTtCL3K+gqmiVMAhXEmBvfSyHMiQZOBStqQWZYSmif3LEbSyWxe8J89FOBd6zSxT2lbUnAI/XnRE4SYwZJbDvLc820V4r/eqUCSgkzdQD0jsKcyzQDJul4fy8TGBQuc8NdrhkFMbCEUM3tC5jeE00o2HRrNht/Oom/5Gq/4TcbzfOD+vHJJKUq2kLbaBf56BAdozPUQm1E0RN6Qa/ozXl23p2h8zFurTiTmU30C87nNxKtqMo=</latexit>

Wout 2 Rd⇥v

{Francisco: 0.58
Diego: 0.22

Antonio: 0.10
…

banana: 0.0001}



RNNs: Why not?

‣ Slow. They do not parallelize and there are O(n) non-parallel operations 
to encode n items

‣ Even modifications like LSTMs still don’t enable learning over very long 
sequences. Transformers can scale to millions of tokens!

previous h next h

(previous c) (next c)

input x

output y



(Self-)Attention



Attention Intro
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‣ Think of attention as a dictionary lookup, in vector space

cogitating cogitate (v.)

to ponder or meditate 
on usually intently

Query Key Value

is matched to a indexes



Running Example
‣ Fixed-length sequence of As and Bs

AAAAAAA

ABAAAAB

ABAABAB

AAAABAB

‣ All As = last letter is A; any B = last letter is B

BAAAAAAAAAAAAAAAAAAAAAAAAB

‣ RNNs generally struggle with this; remembering context for many 
positions is hard (though of course they can do this simplified example 
— you can even hand-write weights to do it!)

‣ Attention: method to access arbitrarily* 
far back in context from this point



Keys and Query
‣ Keys: embedded versions of the sentence; query: what we want to find

Assume A = [1, 0]; B = [0, 1]  (one-hot encodings of the tokens); call these ei

A        A        B        A       
[1, 0] [1, 0] [0, 1] [1, 0] query: q = [0, 1]  (we want to find Bs)

keys ki

Step 1: Compute scores for each key

si = kiTq
0        0        1        0       



Attention

A        A        B        A       
[1, 0] [1, 0] [0, 1] [1, 0] query: q = [0, 1]  (we want to find Bs)

keys ki

Step 1: Compute scores for each key

si = kiTq
0        0        1        0       

Step 2: softmax the scores to get probabilities α
0        0        1        0 => (1/6, 1/6, 1/2, 1/6) if we assume e=3

Step 3: compute output values by multiplying embs. by alpha + summing

result = sum(αiei) = 1/6 [1, 0] + 1/6 [1, 0] + 1/2 [0, 1] + 1/6 [1, 0] = [1/2, 1/2]



Attention

A        A        B        A       
[1, 0] [1, 0] [0, 1] [1, 0] query: q = [0, 1]  (we want to find Bs)

keys ki

(1/6, 1/6, 1/2, 1/6) if we assume e=3

result = sum(αiei) = 1/6 [1, 0] + 1/6 [1, 0] + 1/2 [0, 1] + 1/6 [1, 0] = [1/2, 1/2]

How does this differ from just averaging the vectors?

What if we have a very very long sequence?



New Keys

A        A        B        A       
[1, 0] [1, 0] [0, 1] [1, 0] query: q = [0, 1]  (we want to find Bs)

keys ki

We can make attention more peaked by not setting keys equal to 
embeddings.

ki = WK ei WK =
10  0	
 0  10

What will new attention values be with these keys?

0        0        1        0       
[10, 0][10, 0][0, 10][10, 0]

0, 0, 10, 0 —> softmax —> [4.5e-5, 4.5e-5, 0.99986, 4.5e-5]



Attention, Formally
‣ Original “dot product” attention: si = kiTq

‣ Scaled dot product attention: si = kiT W q 

‣ Equivalent to having two weight matrices: si = (WK ki)T(WQ q)

‣ Other forms exist: Luong et al. (2015), Bahdanau et al. (2014) present 
some variants (originally for machine translation)



Self-Attention
‣ Self-attention: every word is both a key and a query simultaneously

Q: seq len x d matrix  (d = embedding dimension = 2 for these slides)

K: seq len x d matrix

WK =
10  0	
 0  10

WQ =
 0  1	
 0  1

no matter what the value is, we’re going to look for Bs

“booster” as before

Note: there are many ways to set up these weights that will be equivalent 
to this



Self-Attention

Q = E (WQ) (
<latexit sha1_base64="XW4JXhsPFUtKrlJg1g2hAcu3nks="></latexit>

)
<latexit sha1_base64="QzXJyoCGseUw0msm0ZMUO0u8K80="></latexit>

= 

0 1	
0 1	
0 1	
0 1

K = E (WK) (
<latexit sha1_base64="XW4JXhsPFUtKrlJg1g2hAcu3nks="></latexit>

)
<latexit sha1_base64="QzXJyoCGseUw0msm0ZMUO0u8K80="></latexit>

= 

10 0	
10 0	
 0 10	
10 0

Scores S = QKT

len x len = (len x d) x (d x len)
Sij = qi · kj

Let’s compute these now!

(
<latexit sha1_base64="XW4JXhsPFUtKrlJg1g2hAcu3nks="></latexit>

)
<latexit sha1_base64="QzXJyoCGseUw0msm0ZMUO0u8K80="></latexit>

E = 

1 0	
1 0	
0 1	
1 0

WK =
10  0	
 0  10WQ =

 0  1	
 0  1



Self-Attention

Q = E (WQ) (
<latexit sha1_base64="XW4JXhsPFUtKrlJg1g2hAcu3nks="></latexit>

)
<latexit sha1_base64="QzXJyoCGseUw0msm0ZMUO0u8K80="></latexit>

= 

0 1	
0 1	
0 1	
0 1

K = E (WK) (
<latexit sha1_base64="XW4JXhsPFUtKrlJg1g2hAcu3nks="></latexit>

)
<latexit sha1_base64="QzXJyoCGseUw0msm0ZMUO0u8K80="></latexit>

= 

10 0	
10 0	
 0 10	
10 0

Scores S = QKT

len x len = (len x d) x (d x len)

(
<latexit sha1_base64="XW4JXhsPFUtKrlJg1g2hAcu3nks="></latexit>

)
<latexit sha1_base64="QzXJyoCGseUw0msm0ZMUO0u8K80="></latexit>

E = 

1 0	
1 0	
0 1	
1 0

WK =
10  0	
 0  10WQ =

 0  1	
 0  1

Final step: softmax to get attentions A, then output is AE

*technically it’s A (EWV), using a values matrix V = EWV

Sij = qi · kj



Self-Attention (Vaswani et al.)

Q = EWQ, K = EWK, V = EWV

‣ This is just one head of self-attention — produce multiple heads via 
randomly initialize parameter matrices (more in a bit)

‣ Normalizing by         helps control the scale of the softmax, makes it less 
peaked

Vaswani et al. (2017)



Self-Attention
Alammar, The Illustrated Transformer



Self-Attention
Alammar, The Illustrated Transformer

sent len x hidden dim
Z is a weighted combination of V rows

sent len x sent len (attn for 
each word to each other)



Properties of Self-Attention

Vaswani et al. (2017)

‣Quadratic complexity, but O(1) sequential operations (not linear like 
in RNNs) and O(1) “path” for words to inform each other

‣ n = sentence length, d = hidden dim, k = kernel size, r = restricted 
neighborhood size



Multi-Head Self-Attention



Multi-head Self-Attention
Alammar, The Illustrated TransformerJust duplicate the whole 

computation with different 
weights:



Multi-head Self-Attention



Multi-head Self-Attention



Challenges of Neural Language Modeling

I visited New _____

FFNN

FFNN

Self-attention:

I visited New _____

Still missing one component: 
position sensitivity



Positional Encodings



Transformers: Position Sensitivity

‣ Encode each sequence position as an integer, add it to the word 
embedding vector

‣ Why does this work?

the  movie  was   great

em
b(
1)

em
b(
2)

em
b(
3)

em
b(
4)

+ + + +



Transformers
Alammar, The Illustrated Transformer

W
or
ds

Embedding dim

‣ Alternative from Vaswani et al.: sines/cosines of different frequencies 
(closer words get higher dot products by default)



RoPE and variants

39

‣ Rotary Position Embeddings (RoPE)

‣ Split query/key into 2D pairs and rotate by angle proportional to 
position 

<latexit sha1_base64="Sa2cgymHuMmPStQqo0sQeV76TsE=">AAACCnicbVDLSsNAFJ34rPVVdelmsAjioiQi1WXRjcsK9gFNKJPppB06kwkzN0IJ/QPXbvUb3Ilbf8JP8C+ctFlo64ELh3Pu5d57wkRwA6775aysrq1vbJa2yts7u3v7lYPDtlGppqxFlVC6GxLDBI9ZCzgI1k00IzIUrBOOb3O/88i04Sp+gEnCAkmGMY84JWAl34cRA9Ln+BzLfqXq1twZ8DLxClJFBZr9yrc/UDSVLAYqiDE9z00gyIgGTgWblv3UsITQMRmynqUxkcwE2ezmKT61ygBHStuKAc/U3xMZkcZMZGg7JYGRWfRy8V8vV0ApYRYOgOg6yHicpMBiOt8fpQKDwnkueMA1oyAmlhCquX0B0xHRhIJNr2yz8RaTWCbti5pXr9XvL6uNmyKlEjpGJ+gMeegKNdAdaqIWoihBz+gFvTpPzpvz7nzMW1ecYuYI/YHz+QPhPZrq</latexit>

✓i ⇤m

‣ Intuition: Rotation preserves magnitude while allowing us to encode 
relative position.

‣ Rotation angle increases as distance increases. Later dimensions rotate 
more slowly. 	
‣ For near tokens, late dimensions barely rotate. For far tokens, rotate.

<latexit sha1_base64="r8ljyldyKsci7lxbc3YI4JLLhzU="></latexit>

R(✓) =


cos ✓ � sin ✓
sin ✓ cos ✓

� <latexit sha1_base64="7xPtoOU4V7HMtjgGDtJh54Vuyvo="></latexit>

qTmR(n · ✓)TR(m · ✓)kn
= qTmR((n�m)✓)kn

function of n-m, relative apply to each 2D pair separately

<latexit sha1_base64="n2JLxKO50h6n6p23uKxxR9mCbbA="></latexit>

Rd
✓,n�m =

2

6666666664

cos(n�m)✓1 � sin(n�m)✓1 0 0 · · · 0 0
sin(n�m)✓1 cos(n�m)✓1 0 0 · · · 0 0

0 0 cos(n�m)✓2 � sin(n�m)✓2 · · · 0 0
0 0 sin(n�m)✓2 cos(n�m)✓2 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · cos(n�m)✓d/2 � sin(n�m)✓d/2
0 0 0 0 · · · sin(n�m)✓d/2 cos(n�m)✓d/2

3

7777777775

<latexit sha1_base64="M7NqAGCDR1CLMYp57Xus5RyiL+U=">AAACHHicbVDLSgNBEJyNrxhfUY96GAxCPCTuBolehKAXjxHMA5I1zE4myZDZnWWmVwhLLn6IZ6/6Dd7Eq+An+BdOkj1oYkFDUdVNd5cXCq7Btr+s1NLyyupaej2zsbm1vZPd3atrGSnKalQKqZoe0UzwgNWAg2DNUDHie4I1vOH1xG88MKW5DO5gFDLXJ/2A9zglYKRO9rANAwakw/EldmyD+7hQyvOCc3LaHXeyObtoT4EXiZOQHEpQ7WS/211JI58FQAXRuuXYIbgxUcCpYONMO9IsJHRI+qxlaEB8pt14+sUYHxuli3tSmQoAT9XfEzHxtR75nun0CQz0vDcR//UmCkgp9NwB0LtwYx6EEbCAzvb3IoFB4klSuMsVoyBGhhCquHkB0wFRhILJM2OyceaTWCT1UtEpF8u3Z7nKVZJSGh2gI5RHDjpHFXSDqqiGKHpEz+gFvVpP1pv1bn3MWlNWMrOP/sD6/AFopJ+y</latexit>

✓i = 10000�2(i�1)/d

RoFormer: Enhanced Transformer with Rotary Position Embedding
Su et al. (2024)



NoPE?

40

‣ Do we even need positional embeddings?

‣ Positional embeddings help encode linguistic prior (order matters, 
relative position matters)

The Impact of Positional Encoding on Length Generalization in Transformers, Kazemnaejad et al. (2023)
https://sebastianraschka.com/llm-architecture-gallery/nope/

‣ But they can also hurt length generalization (generalizing beyond 
lengths seen during training)

‣ It turns out that even without explicit positional embeddings, 
Transformers can learn positional information	
‣ Why? 



Takeaways
‣ Self-attention is a solution to the question of: how do we look at a lot of 
context, efficiently, without blowing up parameter counts, and without 
forgetting far-back things?

‣ Next time: see the whole Transformer architecture and extensions of it


